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Abstract Local, gradient-based scales, which contain the vertical velocity and temperature
variances, as well as the potential temperature gradient, but do not include fluxes, are tested
using data collected during the CASES-99 experiment. The observations show that the scaling
based on the temperature variance produces relatively smaller scatter of empirical points. The
resulting dimensionless statistical moments approach constant values for sufficiently large values
of the Richardson number Ri. This allows one to derive predictions for the Monin-Obukhov
similarity functions ¢, and ¢, the Prandtl number Pr, and the flux Richardson number Rf in

weak turbulence regime.
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1 Introduction

Observations show that the stable boundary layer (SBL) at night overland has a very complex
and variable structure (e.g., Poulos et al. 2002, Grachev et al 2007a, b). Its adequate description
depends on high-resolution measurements. Nocturnal turbulence is often confined to thin layers,
sometimes less than 1 m deep (Chimonas 1999; Poulos and Burns 2003; Balsley et al. 2003).
The stable boundary layer requires careful calculation of turbulence quantities (e.g., Mahrt and
Vickers 2006). The conventional methods for computing turbulent moments within very weak
turbulence are usually insufficient, due to the effects of mesoscale motions and large random
errors. The SBL is controlled by a variety of factors, such as wind shear, wind meandering,
wavelike motions, radiative cooling (e.g., Garratt and Brost 1981; Ha and Mahrt 2003), phase
changes (e.g., Duynkereke 1999), nonstationarity, advection, subsidence, and topography (e.g.,
Brost and Wyngaard 1978; Derbyshire and Woods 1994; Mahrt 2007). Its depth might not be
well defined (e.g., Mahrt et al. 1998).

The SBL can be categorized as turbulent, intermittent, and radiative (Van de Wiel et al.
2003), or classified into either weakly or very stable regimes (Mahli 1995; Oyha et al. 1997;
Mahrt et al. 1998). The weakly stable regime is characterized with a sub-critical Richardson
number Ri, significant wind shear, clouds, and continuous turbulence near the surface. In
contrast, the very stable regime is characterized by small wind shear, clear skies, overcritical
values of Ri, and intermittent turbulence. The very stable regime often has an "upside-down"
character, with the strongest turbulence at the top of the surface inversion layer, where it is
generated by vertical shear on the underside of the lower-level jet stream. The upper portion of
the SBL can be detached from the nearly laminar surface sub-layer. The detachment may be
temporary, since flow acceleration above the very stable surface layer may lead to shear
generation of turbulence and re-coupling of elevated turbulence with the surface (Businger,
1973).

Currently, there is no preferred similarity theory that would adequately treat all the
described properties of the SBL. Each of the existing theories has limitations. The surface-layer
similarity (Monin-Obukhov 1954) is confirmed only in cases with strong, continuous turbulence,
when the gradient Richardson number Ri is constant and sub-critical. In cases when the

Richardson number is outside of the critical limit, the "z-less" predictions of “flux-based”



similarity functions are invalid (Sorbjan 2006¢), and strongly affected by self-correlation (Klipp
and Mahrt 2004). Nieuwstadt's (1984) local theory, based on "flux-based" local scaling, is valid
only during continuous, quazi-steady turbulence, for which the heat flux variation is nearly linear
with height. Its local extension (e.g., Sorbjan 1995), in which the fluxes are allowed to be non-
linear with height, is more general, but it also lacks consistency, when the Richardson number
varies with height, and also when it is outside of its critical limit.

In an attempt to overcome the described drawbacks, Sorbjan (2006a, b) proposed the
"gradient-based" local scaling, based on the vertical velocity variance o,?. Such scaling,
however, is not unique in stable conditions, and other scales of turbulence can also be formed
(Sorbjan 2007a). They can be based on various moments of turbulence, such as the potential
temperature variance 092 (which leads to the Ellison length scale), or the viscous dissipation &
(which yields the Ozmidov scale).

The purpose of the present sudy is to further explore the local similarity approach by
analyzing alternate scaling systems. The article focuses on scales constructed on the basis of the
vertical velocity and temperature variances, and has the following structure. Local scaling is
briefly reviewed and discussed in Section 2. In Section 3, both types of scales are examined,
based on composite data obtained during the CASES-99 field experiment. Final remarks are

presented in Section 4.
2 Local scaling

Nieuwstadt (1984) considered a system of seven dry, steady-state, second-order moment
equations, modified by the additional assumptions that the stress, the velocity gradient, and the

horizontal heat flux are parallel. The set included equations for the turbulent kinetic energy E,
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the vertical velocity variance w?, the modulus of the Reynolds stress 7 = [uw +vw ] , the
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vertical heat flux w6, the horizontal heat flux H = [uB +v0O ] , and the temperature variance

0. Employing the local Monin-Obukhov scales:
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where k is the von Karman constant, 8 = g/T,, is the buoyancy parameter, and assuming that the

mixing length / is linear with height, allowed him to obtain the system of equations, which

contained dimensional combinations: K/U A, Ky /U.A, F/U*z, E/U#, H/U,T., w8/U,T,,

0> /T » and z/A,, where K, and K}, are the eddy viscosity and diffusivity. In the limit of z/A,

— o, the equations no longer contained z as a variable (the "z-less" regime), and as a
consequence, the listed dimensionless quantities could be expected to approach constant values.

The result can be generalized by a statement that a statistical moment X in the SBL,

scaled in terms of (1), is expected to be dependent on the dimensionless height z/A, (Sorbjan

1995). The dimensionless moment approaches a constant value for sufficiently large values of

7/A,, which is referred to as the "z-less regime":

X Z
——— = f(—) —= const 2
TN f(A*) (2

for z/A, — o, where a, b, and ¢ are appropriate power coefficients. The above expression

implies that the gradient Richardson number Ri = N*/S? « (B Tx/Ax)/ (Usx/Ax)? = const, where

1/2
N = (Bd0O/dz)’” is the Brunt-Viisila frequency, and S = [(dU/dz)2 + (dV/dz)z] is the wind

shear. Note that the potential temperature @ in the definition of the Brunt-Vaisala frequency
must be monotonic with height, and its vertical gradient positive. The monotonic profile can be
obtained by time averaging in cases of coarse vertical measurements (Mahrt and Vicker 2006),
or by adiabatic sorting in cases of fine vertical measurements (Sorbjan and Balsley 2007, in
preparation).

The hypothesis (2) was found to be valid for gradients, variances, covariances, eddy

viscosities and diffusivities, dissipation rates, structure parameters CVZ,

CTZ , spectra and
cospectra, but only in the continuous, sub-critical case (Sorbjan 1995). In the intermittent case
near the Earth's surface, however, when w'o' ~ 0, u'w' ~ 0, the similarity predictions fail as the

temperature gradient cannot be accurately defined based on fluxes: d@/dz « Tw/Ax «



B w62/Ww' and is indetermined.

Sorbjan (2006a, b) argued that when fluxes in the stable regime are small, they must be
remoed from the list of governing parameters. The similarity scales should be based on scalar
gradients, which lead to the following set of local (height dependent), gradient-based scales for

length, velocity and temperature:
L, (z) = o,/N, U,(z) =o,, T,(z) = o,Np 3)

where 0, 2 = w? is the vertical velocity variance.

w

The master length scale L,,, corresponds to the vertical distance by which a parcel of air

moves, when its kinetic energy is converted to work against the buoyancy force. It can be derived
by equating the production and dissipation terms in the turbulent energy equation.

Applying the scales (3) to Nieuwstadt’s second-order moment equations, together with a
closure assumption that the mixing length / is linear wih height, leads to the conclusion that the
dimensional combinations in the resulting set of equations depend only on the dimensionless

parameter z/L,,, (Sorbjan 2006a), namely:
Ri « w8/(U,LT,) < H(U,T,) ?/TWZ « &/U,} o« 79U, =f(zL,) 4)
Note that (4) implies that Ri = f(z/L,,)). As a result, (4) can be rewritten in an alternative form:

w6/ (U,T,) « H(UT,)x 0*/T2x /U« 9U? = f(Ri) (5)

The obtained result can be generalized, based on similarity theory arguments, by stating
that a statistical moment X in the SBL, scaled in terms of (4), is expected to be a function of a

local Richardson number Ri (Sorbjan, 2006a):
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where a, b, and ¢ are appropriate power coefficients.

An analogous procedure can be applied for the following set of scales:
Ly(z) = PogN’, Tyz) = 05 Uglz) = foy/N (7)

where the master length scale L, indicates the mean size of eddies generated by temperature

fluctuations in the stably stratified flow. The scale can be derived by equating the production and

dissipation terms in the temperature variance equation.

From Nieuwstadt’s equations, augmented by a closure assumption that the mixing length
[ is linear is linear with height, and Eq. (7), a system of dimensionless equations can obtained,
analogous to the one obtained by Sorbjan (2006). The system indicates that all dimensional

combinations depend on the dimensionless parameter z/L:
Ri « w0/ (UyT,) « H(U,Ty) x 6*/Tg o E/US « TUZ =f(2/Ly) )
and as before, the above statement can be rewritten in an alternative form:
WO/ (UT,) &« H(UGT,) « 0°/Tjx EIUF = HUg = f(Ri) )

The above result can be generalized by stating that a statistical moment X in the SBL,

scaled in terms of (7), is expected to be a function of a local Richardson number Ri:

X .

— = f(RD)
U, T, L, (10)

where a, b, and ¢ are appropriate power coefficients.
Expressing the similarity functions f{Ri), in (6) and in (10), in terms of the Richardson

number Ri reduces the problem of self-correlation (Klipp and Mahrt 2004; Sorbjan 2006). In the



“gradient-based” formulation, self-correlation can only be caused by the Brunt-Viisala

frequency N. If a similarity function f ~ N, where a is a power coefficient (for example, a = +]/

0 ), is plotted against Ri ~ N, and a random error of N
0-0

for the dimensionless temperature flux

is ON, then one can expect that the “polluted” value fp of fist f, ~ NY(1+6N/N)", while the
“polluted” value Ri, of Ri is: Ri,, ~ N(1+0N/N). In the considered example, if SN/N = 0.1, and a

= +1, an arbitrary point [Ri,, f(Ri,)] will be shifted to a new position [/./ Ri,, 1.] f(Ri,)]. As a

result, self-correlation will produce a linear dependence between f{(Ri) and Ri. The self-

correlation effect can be quite severe within the Monin-Obukhov formulation, for parameters

such as u, and T, which are small in very stable conditions (so their relative errors are large). In

the case of the Brunt-Viisala frequency, the relative error ON/N is expected to increase with

height.
3 Empirical verification

The scaling set (3), was first tested by Sorbjan (2006a) by employing two composite cases
described by Mahrt and Vickers (2006), and obtained from the CASES-99 observaions. The
cases can be referred to as W (weak turbulence) and S (strong turbulence). Case W was
characterized by a larger temperature difference between the bottom and the top of the tower at
60 m, smaller wind velocity. The Richardson number exceeded the critical value and the surface
heat flux was relatively small. In Case S, the temperature difference between the top and the
bottom of the tower was smaller than in case W, the wind speed greater, which produced stronger
turbulence. The Richardson number was below the critical value, and the surface heat flux was
larger than in Case W.

The same two composite cases W and S are considered herein. The resulting vertical

profiles of scales (3) and (7) are shown in Figs. 1 a-c. The figures indicate that the scales are

relatively smooth and nearly parallel. Both length scales L,, and L, are in the range of 2 -~ 16.5 m

in Case S, and in the range of 0.3 - 0.9 m in Case W. The values of the length scales L,, and L ,in



Case W are by one order of magnitude smaller than in Case S. The temperature scales 7, and T,

are in the range of 0.25-0.8 K in Case §, and in the range of 0.05- 0.2 K in Case W. The velocity

scales U,, and U, are in the range of 0.1-0.5 ms™ in Case S, and in the range of 0.03-0.05 ms™ in
Case W. Generally, L,,> L, T,,> T,, U, >U, in the turbulent Case S. In case W, the scales are
comparable, L,, =L, T, =T, U, =U,

The length scales increase with height in both cases W and S. The temperature scales
decrease with height in both cases, and the velocity scales increase in Case S and decrease in
case W. This can be explained by the fact that the Brunt-Vaisala frequency N decreases with
height, from about 0.15 to 0.03 s in case W, and from about 0.07 to 0.028 s™' in case S. Note

that the values of o, (which is equal to Ty and o,, (which is equal to U,,) are shown in Figures

1b and 1c. This allows verification that in case S, L, increases, because oy is nearly constant and

N decreases with height.

The dimensionless moments, scaled by (3) and (7), are shown in Figs. 2a-c as functions
of the Richardson number. Note that data points obtained in Case S (black circles or squares) are
located at sub-critical values of the Richardson number (Ri < 0.25), while for points obtained in
Case W (grey circles and squares) the values of Ri are over-critical.

The dimensionless temperature flux wo/( U,T,,) decreases in Fig. 2a, for decreasing

values of the Richardson number. On the other hand, the dimensionless temperature flux
decreases for larger values of Ri. At some value of Ri, between these two limiting regimes,
which is about 0.25 in the figure, the dimensionless temperature flux reaches a minimum, equal
to roughly -0.3. The presence of the minimum indicates that the value of the temperature flux in

the SBL is bounded (Sorbjan, 2006). On the other hand, the dimensionless flux wo/(U ol g 1N

the figure, monotonically increases with Ri, from -1.1 for Ri = 0.01, and seems to be constant,
equal to about -0.16 for Ri > 1. Scaling (7) does not produce the analogous minimum due to the

fact that the product U T yincreases with height in Case § (as it follows from Fig. 1).
The dimensionless momentum fluxes uw/ Uw2 and uw/U 92 are shown in Fig. 2b. The

dimensionless flux uw/ Uw2 monotonically increases toward zero with increasing the Richardson



number. The dimensionless flux uw/U 92 in the figure monotonically increases with Ri, from the
value of about -5.5 for Ri = 0.01, and seems to be constant, equal to about -0.2, for Ri > 1.

The dimensionless temperature variance E/Twz is shown in Fig. 2c. The dimensionless
variance increases with increasing the Richardson number, and its values are significantly
scattered for Ri > 1. The dimensionless vertical velocity variance w2 /U 92 increases with

increasing Ri and is approximately equal to 0.9 for Ri > 1.
The values of moments scaled by (7) in Figs. 2a-c can be divided into three zones. In the
first zone Ri < 0.25. The second zone is a smooth transition to the third zone, where Ri > 1 and

the dimensionless moments reach constant values:

2

w8 ~-0.15U,T, = —o.lsﬁ%

- 2 2
ww =020, =-028"%" (11)

W =0.90,> =0.9P %

Based on the above result, the Monin-Obukhov similarity functions ¢y, ¢y, the Prandtl

and flux Richardson numbers, Pr and Rf, can be written for Ri > 1 in the form:

Lz _yoFulRD)

=0. 12a
®, = \/—uw \/_ RIVZL R (12a)

- Tk X2 L 12F (R 12b
PR B T 05 1 (&2 (12)
Pr="Pn _1 3R (12¢)

@,
Rf = BWO _ ¢ 75gios (12d)
uw S

where z/L, = F, (Ri). The expression for F, for Ri > 1 can be obtained based on Fig. 7 in the



form for z/L, = aRi"+ c, where a, b and ¢ are constants, and b is presumably between 0.5 and 1.

The function F, is plotted in Fig. 7 with a = 25, ¢ = 0, and b = 0.6 in the range of Ri from 1 to 6.

*! and @, ~ Ri*®. For the same values of constants, Eqgs. (12¢) and (12d)

As a result, ¢, ~ Ri
yield Pr=1.3 and Rf =0.75 for Ri = 1, and Pr=3.18 and Rf = 1.18 for Ri = 6.
Note that the function ¢, in (12a) increases more slowly with Ri than ¢, in (12b). This

conclusion differs from the result obtained by Grachev et al (2007a), and displayed as a function

of both the dimensionless Monin-Obukhov height T = z/L, and the bulk Richardson number Rip.

. L . .S V-uw .
However, a simple analysis indicates that ratios of small quantities ——— and ———N"in the

—Uw w

definitions of ¢, and ¢, ensure that empirical similarity functions in very weak turbulence can
be affected by substantial errors. Moreover, self-correlation in Eq. (12a) is linear with respect to
S, and quadratic on both axes with respect to N in Eq. (12b). Consequently, the effects of self-
correlation are expected to be stronger for ¢, (Ri) than for ¢, (Ri). It is worth emphasizing that
@, will not be affected by self-similarity, when plotted as a function of z/L,, and that such
effects on @, will be reduced.

The values of the Prandtl number, derived by Grachev et al. (2007b, Fig.1a) from the
SHEBA data, show Pr = 3 for Ri = 1, and Pr = 4 for Ri = 6, in a tentative agreement with our
values. The data displayed by Zilitinkevich et al. (2007, in their Fig. 1) indicate substantially
different values, especially for larger Ri: Pr = 3 and Rf = 0.3 for Ri = /, and Pr = 30 and Rf =
0.4 for Ri = 6.

4 Conclusions

Scaling of statistical moments of turbulence in stable conditions is not unique. Several scales of
length, temperature and velocity can be formed on the basis of different moments of turbulence.
Two gradient-based scaling sets, which employ variances and the potential temperature gradient,
but do not include fluxes, have been considered, and verified through the use of empirical data.
Two composite datasets (referred to as W and §), obtained and described by Mahrt and
(2006) Vickers based on CASES-99, are employed for this purpose. Case W is characterized by

weak turbulence, small surface heat flux, and the local Richardson numbers exceeding the

10



critical value. In Case S, turbulence is stronger, and the local Richardson numbers are below the
critical value.

The obtained figures indicate that the temperature-variance scaling (7) yields more
consistent results. The resulting dimensionless moments approach constant values for
sufficiently large values of the dimensionless height or Ri. This allows us to derive predictions
for the Monin-Obukhov similarity functions ¢, and ¢, the Prandtl number Pr, and the flux
Richardson number R/ in terms of the local Richardson number Ri. A comparison of the derived
expressions with other datasets gives ambiguous results due to substantial spread of

observational data in very stable conditions.
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Figure Captions
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Fig. 1. The gradient based scales as functions of height in Case S (strong turbulence) and

Case W (weak turbulence): (a) the length scales L, and Ly, (b) the temperature scales T,,, and

Ty, (c) the velocity scales U,,, and Uy .

Fig. 2. The dependence of the dimensionless moments on the Richardson number Ri in

case § (black circles and black squares) and case W (grey circles and gray squares): (a) the
dimensionless heat fluxes w_H/( U,T,) and w_H/( U,Tp, (b) the dimensionless momentum fluxes
uw/U,? and uw/U o+ (¢) the dimensionless variances 6?/TW2 and w?/U g

Fig. 3. Dependence between the dimensionless parameter z/L, on the Richardson number
Ri in Case S (black circles) and Case W (grey circles). The marked curve is described by the

equation z/Lg= 25 Ri*’.
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