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Molecular dynamics on quantum 
annealers
Igor Gaidai1, Dmitri Babikov1*, Alexander Teplukhin2, Brian K. Kendrick3, 
Susan M. Mniszewski4, Yu Zhang3, Sergei Tretiak3 & Pavel A. Dub5*

In this work we demonstrate a practical prospect of using quantum annealers for simulation of 
molecular dynamics. A methodology developed for this goal, dubbed Quantum Differential Equations 
(QDE), is applied to propagate classical trajectories for the vibration of the hydrogen molecule in 
several regimes: nearly harmonic, highly anharmonic, and dissociative motion. The results obtained 
using the D-Wave 2000Q quantum annealer are all consistent and quickly converge to the analytical 
reference solution. Several alternative strategies for such calculations are explored and it was found 
that the most accurate results and the best efficiency are obtained by combining the quantum 
annealer with classical post-processing (greedy algorithm). Importantly, the QDE framework 
developed here is entirely general and can be applied to solve any system of first-order ordinary 
nonlinear differential equations using a quantum annealer.

Full-fledged quantum computers are expected to offer significant computational advantages compared to the 
traditional (classical) computers but, realistically, this is a distant future1,2. Present-day quantum computers have 
relatively modest computational capabilities and are not yet free of technical issues such as noise and decoherence 
that cause errors3. Still, these early machines can be used as a testbed for the development of quantum algorithms 
and for the small-scale proof-of-principle simulations, paving the way to practical applications on the next gen-
eration hardware. One of the long-thought applications of quantum computers is to simulate quantum systems, 
such as molecules and materials at the atomistic scale4–11. Several algorithms were recently proposed for the 
calculations of molecular electronic structure (quantum chemistry) using either gate-based quantum computers 
with only a few tens of qubits, such as Sycamore12,13, IBM Q-machines14–16, or using quantum annealers with a 
larger number of qubits, such as the D-Wave systems17–21.

Another essential component of chemical modeling is the propagation of the equations of motion for con-
stituent atoms in time and space (e.g., along the reaction path), called molecular dynamics simulations. For 
over 50 years, molecular dynamics simulations have played a pivotal role not only in guiding and analyzing 
experiments, but also as an interdisciplinary computational tool that is able to reach far beyond experimental 
conditions. Thus, molecular dynamics simulations are an indispensable tool for a wide variety of research topics 
and several attempts to harness the power of quantum computing for its benefit have already been made, includ-
ing a method for solution of the quantum vibrational eigenvalue problem on a quantum annealer22,23, and the 
trajectory simulation of molecular vibrations on the IBM quantum devices24,25. These pioneering calculations 
were restricted to small molecules, such as diatomic and triatomic systems, and were often done in a hybrid 
quantum/classical fashion, when only a part of the overall algorithm is run on a quantum device. For example, 
in the trajectory simulations of Ref.24, a quantum computer was used only to obtain the gradient of the molecular 
potential energy (the force determined by electrons), whereas the motion of the atoms (the actual trajectory) 
along this potential energy surface was propagated on a classical computer.

The goal of the present paper is to demonstrate that quantum architectures, in our case the D-Wave quantum 
annealer, can be used to simulate the molecular dynamics component pertaining to any computational chem-
istry problem, with possible future applications in chemical dynamics, material science or drug design. For this 
purpose, we developed a new method named Quantum Differential Equations (QDE) and carried out the first 
ever calculations of this sort on an actual quantum annealer (D-Wave 2000Q) to propagate trajectories for the 
motion of atoms in the hydrogen molecule, H2 (i.e., vibrations). Although this is the simplest diatomic molecule, 
our method and code are general and suitable for simulation of polyatomic molecules with multiple vibrational 
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modes, which will be accessible on the next generation of D-Wave annealers, such as Advantage26. Moreover, 
our algorithm paves the way to the full-quantum molecular dynamics simulations within the time-dependent 
framework, including such methods as quantum trajectory, path-integral or thawed Gaussian27.

Theory
In general, the goal of molecular dynamics is to determine how a system of interacting atoms evolves in time. 
Here we will focus on the vibration of one molecular bond, when the trajectory is obtained by solving the fol-
lowing system of Hamilton’s equations:

where t  is time, r(t) is the bond length, p(t) is its associated momentum, µ is a reduced mass, and F(r) is the force 
field acting on atoms due to the local gradient of potential energy. In polyatomic molecules, equations similar 
to Eq. (1) can be written for every degree of freedom, coupled through the overall force field F(r1, r2, r3, . . .) . 
Therefore, a general analogue of Eq. (1) can be written as the following system of N differential equations:

where y =
(

y1, y2, . . . , yN
)

 is a vector of N unknown real functions yn , and fn is a set of N known arbitrary real 
functions. Without loss of generality, we can consider a system of 1st-order equations, since higher-order equa-
tions can always be rewritten as a system of 1st-order equations. To represent the functions yn and fn numerically, 
we introduce an equidistant grid of M points with step size �x over the range of problem-specific values of the 
variable x . The functions yn and fn are then represented as arrays of their values at the grid points: yn,i = yn(xi) 
and fn,i = fn

(

xi , y(xi)
)

 . Our goal is to formulate this problem as a binary minimization problem, which will 
enable its solution on a quantum annealer28. While other methods to solve systems of differential equations on 
quantum annealers have also been considered in the literature29,30, we believe our approach is more general.

The only problem that a quantum annealer can handle is the minimization of a user-defined functional (sub-
ject to certain limitations, as discussed below). Therefore, to make system (2) solvable on a quantum annealer, 
we need to define a functional such that the correct solution vector y minimizes its value. One way to do this is 
to introduce a cost function ǫ

(

y
)

 defined as the total squared difference between left- and right-hand sides of all 
equations in the system, at all points of the grid, namely:

The value of the derivative dyn/dx can be approximated by the first order finite difference scheme:

Substituting this into Eq. (3) we obtain:

Note, that Eq. (5) treats all values of yn on an equal footing, which may not be desirable in practice, for exam-
ple, if the relevant ranges of their values are substantially different. In this case, data rescaling or introduction of 
a penalty factor might be helpful to achieve better results.

The first practical consideration for Eq. (5) is that the variation of the solution at all points of the grid at once 
(one run with maximum value of M ) may not be computationally feasible using present-day quantum anneal-
ers. Instead, one can consider only a subset of points in a given run of the annealer, and then use the final point 
obtained in this run as an initial condition for the next subset of points (smaller M, but multiple runs). In the 
limiting case when only one point of the grid is considered at a time (i.e. M = 1 , maximum number of consecu-
tive runs), the values of fn,i are all known from the previous step, which decouples all Eq. (5) and makes it pos-
sible to solve them one by one. This procedure permits us to solve, piece by piece, even large systems, even on 
annealers with a small number of qubits. As more qubits become available in the future, they can be effectively 
utilized to consider more grid points at the same time, and thus reduce the total number of runs.

Another practical problem is that fn
(

x, y
)

 is an arbitrary function, which makes Eq. (5) non-quadratic in 
general, whereas the current generation of quantum annealers does not have native support for non-quadratic 
functions. To keep Eq. (5) quadratic in y , the fn

(

x, y
)

 has to be no more than linear in y . One way to solve this 
issue is to split fn

(

x, y
)

 into linear segments and find the solution for each segment separately, using the last solu-
tion point in each segment as an initial condition for the next one. This separation into multiple runs is similar 
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to what has been discussed in the previous paragraph and both of these procedures can be combined. Namely, 
when solving for only a few grid points per run (so that the solution does not advance too far), the local behavior 
of fn

(

x, y
)

 around the initial point of this run can be approximated with a linear segment reasonably well. In the 
case when only one point is considered at a time, the values of fn,i are constant, so the issue of separating into 
linear segments does not arise at all. Also, in special cases (e.g. harmonic oscillator) the forces have naturally 
linear dependence, and no separation is necessary as well.

Now let us obtain an expression for the functional ǫ
(

y
)

 at each segment. The right-hand side function fn
(

x, y
)

 
is linear with respect to y within a given segment, so it can be written as:

where the index k labels individual terms in the linear expansion of fn
(

x, y
)

 . Plugging this into Eq. (5) and 
expanding squared terms, one obtains the following expression (quadratic in y):

From this expanded form, it is easy to see the individual coefficients for all unknown variables and to com-
pose the so-called Quadratic Programming (QP)31 matrices H and d for this function, such that Eq. (7) can be 
written in matrix form as:

The last step that we need to do before we can submit this task to a quantum annealer is to convert the QP-
matrices into the corresponding QUBO matrix Q (for Quadratic Unconstrained Binary Optimization)28, which 
has the same meaning as QP-matrices, but, instead of the continuous variables of Eqs. (7) and (8), it uses binary 
variables qn,i,j = {0, 1} that represent the states of the qubits after the read operation. This conversion can be 
done as follows. First, a given continuous variable yn,i can be approximated by a set of binary variables qn,i,j via 
a regular signed fixed-point number representation22:

where KI and KD are discretization parameters, equal to the number of qubits used to represent integer and deci-
mal parts of yn,i , respectively. Equation (9) can approximate numbers in the range from −2KI−1 to 2KI−1 − 2−KD−1 
with an error of up to 2−KD−1 . The floating-point representation, while being superior to the fixed-point rep-
resentation on classical computers, is not used here because this representation is not quadratic in qn,i,j , which 
makes it unsuitable for use on quantum annealers, as discussed above.

Next, to express the functional ǫ
(

y
)

 in terms of the binary variables qn,i,j , one could plug Eq. (9) into Eq. (7), 
and compose the QUBO-matrix Q in the same way the QP-matrices H and d were composed. But this is tedious, 
and the resulting expression is rather long. Therefore, we will not derive it explicitly here. Instead, the QUBO-
matrix can also be obtained directly from the QP-matrices by simply replacing each element of the matrix H 
with a K x K block ( K = KI + KD ), where the value of element 

(

i, i′, j, j′
)

 is given by:

Here i and i′ are indices of rows and columns of the original QP-matrices H and d , while j and j′ are local indi-
ces of rows and columns within each Kx K  block. The range of j in each block is the same as in Eq. (9): from 
−KI + 1 to KD . Note that since qn,i,j = q2n,i,j there is no need for a separate vector d , as the relevant contributions 
are simply added to the diagonal of Q . Thus, the minimized functional ǫ can be written in QUBO formalism as:

The QUBO-matrix defined by Eq. (10) can be used as a direct input to a quantum annealer to obtain the 
values of q that minimize Eq. (11), which, in turn, can be used to reconstruct the continuous solution to the 
problem of Eq. (2).

A schematic representation of the workflow of QDE is shown in Fig. 1. First, the potential energy surface is 
used to calculate the forces and compose a QUBO matrix for the next trajectory points. The QUBO matrix is 
then given to D-Wave, which finds the solution and updates the trajectory. Finally, the forces at the new trajec-
tory points are used to compose a new QUBO matrix and the cycle repeats until the trajectory propagates for 
the specified time.
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Results
Practical implementations of this method were carried out using the D-Wave 2000Q quantum annealer at Los 
Alamos National Laboratory. The values of molecular parameters were chosen to represent H2 with an analyti-
cal Morse potential as described in the Supplemetary Information (in principle, an arbitrary potential energy 
function could be used). Discretization parameters KI and KD were set to 6 and 15, respectively. This choice can 
represent the numbers from – 32 to ≈ + 32 with rounding errors up to 2−16 ≈ 10−5 (in atomic units for both 
coordinate and momentum), using KI + KD = 21 qubits per number.

The D-Wave 2000Q has 2048 physical qubits, but it is important to emphasize that these qubits are differ-
ent from those used in gate-based quantum computers in the sense that there is only one operation that can 
be performed on them (minimization), and each qubit can only interact with 6 neighbors. In cases when full 
connectivity is required (as in this work), a number of physical qubits have to be “merged” into a single fully con-
nected logical qubit representing a single variable. The maximum number of such fully connected logical qubits 
on the D-Wave 2000Q is only 6426, which is nevertheless sufficient to either propagate through one time step 
using both equations of the system of Eq. (1) at once, or to propagate the equations for position and momentum 
individually one after another. We tested both strategies. All trajectories in this work were propagated through 
the time interval close to 10 femtoseconds (400 a.u. of time, or about 1.25 vibrational periods of the ground state 
H2). The only exception are the trajectories in Fig. 3B, where the propagation time was doubled.

Figure 2 shows several solutions for a low energy trajectory which starts at r0 = 1.3 Bohr with zero initial 
momentum ( p0 = 0 ), all of which are computed with 1000 equal time steps, i.e. �t ≈ 10 attoseconds. This bond 
length is close to the equilibrium position, so the vibrational motion is expected to be fairly harmonic. The black 
dashed line in Fig. 2 shows the exact analytical solution available for this problem (see the Supplemetary Infor-
mation for details). The red line shows a direct application of our method, using the D-Wave quantum annealer 
to propagate one equation at a time through one time step ( N = 1,M = 1 ). As one can see, the accuracy of this 
trajectory is rather poor.

There are multiple sources of error that can contribute to this result. First, the QUBO matrix translates into 
the physical parameters of the qubits with limited accuracy22, which can be regarded as errors in the QUBO 
matrix itself. The limited precision and range of the weights when mapped from the QUBO impacts performance. 
Second, D-Wave’s limited sensitivity to small differences in energies corresponding to similar solutions together 
with the probabilistic nature of quantum measurements makes it impossible to guarantee selection of the true 
lowest energy solution. Finally, additional errors may be contributed by imperfect hardware implementation 
(e.g. noise and decoherence).

One way to improve the quality of D-Wave’s results is to simply restart the calculation of each trajectory point 
multiple times and select the best solution among these runs (i.e., the one with the smallest ǫ ) as the answer. 

Figure 1.   Schematic representation of the workflow of QDE.
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The effect of this strategy is shown with the green line, where each task was allowed to be solved up to 10 times. 
Comparing these two trajectories, one can see that restarting improves the quality of the D-Wave’s results quite 
dramatically. The values of N , M and other settings in this case are the same as for the red line, which confirms 
that the relatively poor results of direct application of the D-Wave are primarily due to random internal errors 
of the annealer.

Another way to improve the accuracy is to allow some classical postprocessing. The blue line in Fig. 2 shows 
an example of a trajectory where each solution found by D-Wave was used as a starting point for a classical 
greedy algorithm (available as a part of D-Wave’s Ocean tools)32, which then tried to improve the solution found 
by the quantum annealer. Both equations were propagated at once in this case ( N = 2,M = 1 , which is strictly 
harder than N = 1 ) and only one attempt per task was allowed, but this was sufficient to obtain an even better 
trajectory. We conclude that this hybrid quantum–classical approach is the most efficient and accurate across 
the three scenarios considered here.

The next set of results is presented in Fig. 3, where we increased the time step ten-fold (i.e., �t ≈ 100 atto-
seconds). In this picture each point of the time-grid is shown by a symbol, to show the discrete nature of the 
numerical solution. In addition to the analytical and the D-Wave’s results, we also present a trajectory obtained 
with the QP version of our algorithm, by minimizing the target functional in the form of Eq. (8) on a classical 
computer. This method is free of the technical issues that are still present in the D-Wave annealer. In this case it 
serves as the best solution that one can achieve within the framework of our QDE algorithm at a chosen level of 
discretization, if all minimizations are carried out correctly. Figure 3A represents the same trajectory as Fig. 2 
and shows that increasing the time step by a factor of 10 leads to a noticeable deviation of all numeric solutions 
(including QP) from the exact analytic solution, but the results obtained by the D-Wave quantum annealer remain 
very close to the QP result. We also tried to propagate trajectories with the high level of vibrational excitation, 
when the motion is expected to be highly anharmonic. Figure 3B illustrates one example of such a trajectory, 
where the energy of H2 was close to 50% of its dissociation energy ( r0 = 0.90 Bohr, which corresponds to a 
compressed bond, p0 = 0 ). Figure 3C gives another example, where the energy of H2 is chosen above the dis-
sociation threshold and this leads to a relatively fast bond-breaking, or dissociation of the molecule into atoms 
( r0 = 0.70 Bohr in the repulsive range, p0 = 0 ). The level of discretization and the methods/colors are the same 
as in Fig. 3A. We see that the results of a combined quantum–classical approach (D-Wave + greedy) overlap with 
the QP results in all three frames of Fig. 3.

When comparing Figs. 2 and 3, one can see how multiple components of the overall error influence the quality 
of solutions. In Fig. 3, the overall error is dominated by the propagation error of QDE discretization (i.e., large 

Figure 2.   Trajectory for the vibration of the H2 molecule in the low-energy regime of nearly harmonic motion. 
The trajectory is plotted in the phase space (momentum vs. coordinate). The points are connected in the order of 
time and start from r0 = 1.3 Bohr with p0 = 0 . The exact analytical solution (dashed black) and three solutions 
obtained on a quantum annealer (color lines) are presented.
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Figure 3.   Different types of trajectories for the vibration of the H2 molecule. All trajectories are plotted in the 
phase space (momentum vs coordinate): (A) in the low-energy regime of nearly harmonic motion, (B) in the 
high-energy regime of strongly anharmonic motion, and (C) at an energy above the dissociation threshold 
that leads to bond breaking. The exact analytical solution (dashed black), a classical QP solution (dashed 
magenta) and solutions obtained using the D-Wave quantum annealer with (blue) and without (red) greedy 
postprocessing are presented for each case.
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time step), so the internal D-Wave’s error (i.e., error of minimization of the target functional) is not noticeable 
and both QP and D-Wave’s solutions look similar. In contrast, in Fig. 2 the time step is small, so the propagation 
error becomes negligible, and the internal D-Wave’s error becomes apparent, which is responsible for the “rag-
ged” look of the D-Wave’s solution in this case.

To provide more insight into the performance of the QDE method itself, and of its execution on the D-Wave 
annealer, we have analyzed these trajectories on a more quantitative level. In Fig. 4 we demonstrate convergence 
properties for several approaches we tried, by plotting their values of Residual Mean Squared Error (RMSE, see 
the Supplemetary Information) with respect to the analytical trajectory, as a function of the total number of grid 
points or time steps (larger number of grid points corresponds to smaller time step �t ). All data in Fig. 4 were 
obtained using the simplest version of the QDE algorithm ( N = 1,M = 1 , when one equation is propagated 
at a time through one time step). In these and further tests, the value of r0 was set to 1.3 Bohr and p0 = 0 , the 
same as in Fig. 2.

First, we solved Eq. (1) classically, as a continuous QP-problem (dashed magenta line in Fig. 4). Once again, 
the QP-solution provides a helpful reference because it is exact and shows the minimum error that can be 
achieved for a given number of grid points, if the function of Eq. (8) is minimized correctly. One can see that 
our method converges quickly with respect to the total number of grid points, which is the only convergence 
parameter that we have here. Next, we found solutions in binary variables (similar to qubits) using the QBSolv 
software tool also available as a part of D-Wave’s Ocean tools32, which uses a classical heuristic probabilistic 
algorithm to find the minimum of Eq. (11) in binary variables. Finding the global minimum in discrete vari-
ables is harder than in continuous variables, therefore, in contrast to the QP solver, QBSolv is not guaranteed 
to find the correct solution. However, as one can see from Fig. 4, the solutions obtained with QBSolv (dashed 
line) nearly coincide with the ideal QP-solutions, so this algorithm is working well for small QUBO-matrices 
( KI + KD = 21 ). This test demonstrates that the correct solution to Eq. (1) can be obtained in binary variables 
if minimization of Eq. (11) is done sufficiently accurately.

As a next step, we used the D-Wave to minimize Eq. (11), instead of the classical solver QBSolv. As one can 
see from the red line in Fig. 4 (which also corresponds to the red line in Fig. 2 for 1000 grid points), the D-Wave’s 
result is close to the results of QP and QBSolv for small grids, but deviates further for larger grids, unable to 
achieve low values of RMSE. Loosely speaking, we define an “accurate” trajectory as one with RMSE < 10–2 Bohr, 
which means that in this test the D-Wave failed to provide any acceptable solution. From the QBSolv’s result 
we know that better solutions exist, but D-Wave’s annealer was not able to find them. We can conclude that the 
D-Wave has internal errors or noise that results in an RMSE on the order of 10–2 Bohr (for our problem) and is 
responsible for the deviation of the red line observed in Fig. 4. We tried to improve this result by varying anneal-
ing parameters, such as annealing time and chain strength28, but this did not lead to any significant changes in 
the errors of trajectories. The only parameter that reliably improved the quality of solutions in this test was the 
number of reads, which was set to the maximum allowed value of 10,000 for all D-Wave’s results in this work.

Figure 4.   RMSE of solutions obtained with different methods as a function of the total number of grid points 
(or time steps). All methods propagate one equation at a time.
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Finally, the green line in Fig. 4 corresponds to the green line in Fig. 2, i.e., to the case when each point was 
restarted multiple times (up to 10 attempts). This may be similar to increasing the number of reads beyond the 
maximum value, depending on the D-Wave’s internal implementation of it. We see that this simple fix reduces 
the RMSE of the solutions by almost an order of magnitude, and produces a sufficiently accurate trajectory.

In the next computational experiment, reported in Fig. 5, we tried to propagate the equations for position 
and momentum together in one run ( N = 2 ). Once again, the dashed magenta line shows perfect results of the 
QP solver, which can be used as a reference line. The results of QBSolv with 1 attempt per task (cyan line) in this 
case are significantly worse, but this is expected since the algorithm is classical, and the size of the search space 
increases exponentially with the size of QUBO matrix. However, similar to what we saw for D-Wave in Fig. 4, 
the results of QBSolv can be significantly improved simply by restarting each task several times (yellow line) and 
improved even further if one rescales the ranges of two variables in the two equations (brown line) to equalize 
contributions of position and momentum to the minimization functional (see the Supplemetary Information). 
In this final form, the accuracy of QBSolv approaches that of QP.

Returning back to the performance of the D-Wave annealer, we see that even with 10 attempts per task (green 
line in Fig. 5) the results are much worse compared to the analogous results for the case when only one equation 
was propagated at a time (green line in Fig. 4). This is in sharp contrast with classical QBSolv and could indicate 
that the overall quality of the quantum annealing hardware is reduced when the number of qubits is increased 
for a given problem. We suspect that such dependence could exist due to the fact that only a few other qubits are 
directly connected to any given qubit on the D-Wave and involvement of a larger number of qubits translates 
into longer qubit connection chains, which are imperfect. Surprisingly, rescaling the variables in the two equa-
tions did not help in this case either.

However, we found that a hybrid strategy (when each solution found by D-Wave was used as a starting point 
for the classical greedy algorithm) works really well for this harder problem (blue line in Fig. 5, which also cor-
responds to blue line in Fig. 2). This result matches the quality of QP solutions even for a large number of grid 
points (i.e., small time steps and high accuracy). One might think that the greedy algorithm is doing all the work 
here and that the involvement of D-Wave is unnecessary. In order to rule out this possibility, we tried to lower the 
quality of D-Wave’s solutions by significantly reducing the number of reads, which basically gave a near-random 
starting point for the greedy algorithm. We found that in this case greedy algorithm does not perform well, 
which indicates that the D-Wave’s initial guess is important here. Notably, while the purely classical algorithm 
(QBSolv) was also able to achieve the same results, the hybrid quantum–classical strategy (D-Wave + greedy) did 
it much more easily with only one attempt per task and even without rescaling, which is quite optimistic. One 
explanation of the success of this hybrid approach is that D-Wave is good at identifying the global minimum, 
but it cannot descend all the way there with a high precision due to the presence of noise and related errors. On 
the other hand, greedy algorithm is good at descending to the very bottom of the minimization functional but 
needs to be placed in the vicinity of the global minimum first. Thus, the two methods complement each other 
and together converge to a very good result.

Figure 5.   RMSE of solutions obtained with different methods as a function of the total number of points in the 
grid. All methods propagate both equations at once.
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Practicality of presented numerical algorithms is obviously defined by the scaling of hardware requirements 
with the system size. Overall, the resources required by QDE grow as O(MN) , where M is the total number of 
points in the grid, which depends on the desired accuracy, and N is the total number of equations in the system, 
which increases linearly with the dimensionality of the problem. For example, the new D-Wave Advantage 
quantum annealer with 177 fully connected logical qubits26 could be used to propagate up to 8 equations in 
one run, which is sufficient to describe the vibrational motion of any triatomic and some tetratomic molecules.

For more complicated systems (large number of equations due to large number of atoms), the trajectories 
could be propagated by splitting the overall workload into multiple runs. As long as the number of available 
qubits is sufficient to propagate at least one time step of one equation, we can propagate each equation and each 
time step sequentially, one after another, since all equations are decoupled in the limit when only one time step 
is propagated at a time (see Theory section for more details). This way, the number of qubits necessary for propa-
gation can be constant regardless of system size or propagation time, but the total number of runs would grow 
instead. Having more qubits would certainly help by allowing to solve more equations or more time steps in a 
single run of a quantum annealer, thus decreasing the overall wall clock time, but is ultimately not a requirement.

In cases when the right-hand side functions fn(x, y) of Eq. (2) are non-linear, our method will not be able 
to obtain all points of a solution at once, even on annealers with sufficiently large number of qubits, since only 
quadratic functions can be minimized on such devices. As explained above, this can be easily circumvented by 
running the same algorithm multiple times. Ultimately, the minimum required number of consecutive runs will 
be dictated by the number of segments approximating fn(x, y) , which depends on desired accuracy of a solution 
and the degree of non-linearity of the fn(x, y) . However, we can still make use of all available resources of a given 
(large, if available) annealer by increasing the number of grid points in each segment. Note that this restriction 
only concerns the dependence of fn(x, y) on y ; the dependence on x can still be arbitrary and cause no problems. 
Although the methods to simulate higher-order polynomial behavior on quantum annealers exist and can be 
used to approximate fn(x, y) with segments of higher order to reduce the total number of necessary runs, this 
does not necessarily work better for arbitrary functions and was not discussed here.

An important advantage of the presented methodology over classical propagation techniques is the ability to 
obtain multiple trajectory points simultaneously rather than sequentially. This opens a potentially exciting route 
of calculating the entire trajectory in just a few runs, given a sufficiently large number of qubits.

Conclusions
To summarize, in this work we reported first-ever formulation of molecular dynamics as a Quadratic Uncon-
strained Binary Optimization (QUBO) problem and its solution on a D-Wave quantum annealer. Importantly, 
QUBO problems can be solved not only on quantum annealers but also on existing universal gate-based quantum 
computers, and on exotic classical devices (e.g. Fujitsu digital annealer). The new methodology developed here 
(the QDE method) was applied to propagate classical trajectories simulating vibrational motions of the hydrogen 
molecule (H2) in three different energy regimes (nearly harmonic, highly anharmonic, and dissociative limits). 
The results obtained using the D-Wave 2000Q quantum annealer are mutually consistent and quickly converge 
to the analytical solution. Several alternative strategies for such calculations were explored and it was found that 
the most accurate results and the best efficiency are obtained by combining the quantum annealer with clas-
sical post-processing (greedy algorithm). Importantly, the QDE framework developed here is entirely general 
and can be applied to solve any system of first-order ordinary nonlinear differential equations using a quantum 
annealer. The new generation of quantum annealers, such as the D-Wave Advantage with more qubits and bet-
ter connectivity, could be used to either compute multiple time-grid points at once ( M > 1 ) or to explore more 
complicated molecules with many degrees of freedom ( N > 2 ). Higher order finite difference schemes can also 
be useful in some applications. Development of trajectory based quantum algorithms, suitable for execution on 
a quantum annealer, is another promising potential future direction.

Data availability
All data generated or analyzed during this study are included in this published article and its Supplementary 
Information files. Additionally, the code can be found at https://​github.​com/​IgorG​ayday/​qde/.

Received: 5 February 2022; Accepted: 23 September 2022

References
	 1.	 de-Leon, N. P. et al. Materials challenges and opportunities for quantum computing hardware. Science 372, 823 (2021).
	 2.	 Preskill, J. Quantum computing in the NISQ era and beyond. Quantum 2, 79 (2018).
	 3.	 Hemmer, P. Multiplicative suppression of decoherence. Science (80-). 369, 1432–1433 (2020).
	 4.	 Aspuru-Guzik, A., Dutoi, A. D., Love, P. J. & Head-Gordon, M. Simulated quantum computation of molecular energies. Science 

(80-). 309, 1704–1707 (2005).
	 5.	 McArdle, S., Endo, S., Aspuru-Guzik, A., Benjamin, S. C. & Yuan, X. Quantum computational chemistry. Rev. Mod. Phys. 92, 

015003 (2020).
	 6.	 Bian, T. & Kais, S. Quantum computing for atomic and molecular resonances. J. Chem. Phys. 154, 194107 (2021).
	 7.	 Ryabinkin, I. G., Izmaylov, A. F. & Genin, S. N. A posteriori corrections to the iterative qubit coupled cluster method to minimize 

the use of quantum resources in large-scale calculations. Quantum Sci. Technol. 6, 24012 (2021).
	 8.	 Xia, R., Bian, T. & Kais, S. Electronic structure calculations and the Ising Hamiltonian. J. Phys. Chem. B 122, 3384–3395 (2018).
	 9.	 Ma, H., Govoni, M. & Galli, G. Quantum simulations of materials on near-term quantum computers. NPJ Comput. Mater. 6, 85 

(2020).
	10.	 Cao, Y. et al. Quantum chemistry in the age of quantum computing. Chem. Rev. 119, 10856–10915 (2019).

https://github.com/IgorGayday/qde/


10

Vol:.(1234567890)

Scientific Reports |        (2022) 12:16824  | https://doi.org/10.1038/s41598-022-21163-x

www.nature.com/scientificreports/

	11.	 Tkachenko, N. V. et al. Correlation-informed permutation of qubits for reducing ansatz depth in the variational quantum eigen-
solver. PRX Quantum 2, 020337 (2021).

	12.	 Arute, F. et al. Quantum supremacy using a programmable superconducting processor. Nature 574, 505–510 (2019).
	13.	 Arute, F. et al. Hartree-Fock on a superconducting qubit quantum computer. Science (80-). 369, 1084–1089 (2020).
	14.	 Hu, Z., Xia, R. & Kais, S. A quantum algorithm for evolving open quantum dynamics on quantum computing devices. Sci. Rep. 

10, 3301 (2020).
	15.	 Tavares, C., Oliveira, S., Fernandes, V., Postnikov, A. & Vasilevskiy, M. I. Quantum simulation of the ground-state Stark effect in 

small molecules: A case study using IBM Q. Soft Comput. 25, 6807–6830 (2021).
	16.	 Zhang, Y. et al. Variational quantum eigensolver with reduced circuit complexity. npj Quantum Inf. 8, 96 (2022).
	17.	 Teplukhin, A., Kendrick, B. K., Tretiak, S. & Dub, P. A. Electronic structure with direct diagonalization on a D-wave quantum 

annealer. Sci. Rep. 10, 20753 (2020).
	18.	 Teplukhin, A. et al. Computing molecular excited states on a D-Wave quantum annealer. Sci. Rep. 11, 18796 (2021).
	19.	 Genin, S. N., Ryabinkin, I. G. & Izmaylov, A. F. Quantum chemistry on quantum annealers 1–10 (2019). http://​arxiv.​org/​abs/​1901.​

04715.
	20.	 Teplukhin, A., Kendrick, B. K., Mniszewski, S. M., Tretiak, S. & Dub, P. A. Sampling electronic structure quadratic unconstrained 

binary optimization problems (QUBOs) with Ocean and Mukai solvers. PLoS One. 17, e0263849 (2022).
	21.	 Mniszewski, S. M. et al. Reduction of the molecular hamiltonian matrix using quantum community detection. Sci Rep. 11, 4099 

(2021).
	22.	 Teplukhin, A., Kendrick, B. K. & Babikov, D. Calculation of molecular vibrational spectra on a quantum annealer. J. Chem. Theory 

Comput. 15, 4555–4563 (2019).
	23.	 Teplukhin, A., Kendrick, B. K. & Babikov, D. Solving complex eigenvalue problems on a quantum annealer with applications to 

quantum scattering resonances. Phys. Chem. Chem. Phys. 22, 26136–26144 (2020).
	24.	 Fedorov, D. A., Otten, M. J., Gray, S. K. & Alexeev, Y. Ab initio molecular dynamics on quantum computers. J. Chem. Phys. 154, 

164103 (2021).
	25.	 Sokolov, I. O. et al. Microcanonical and finite-temperature ab initio molecular dynamics simulations on quantum computers. Phys. 

Rev. Res. 3, 013125 (2021).
	26.	 McGeoch, C. & Farré, P. The Advantage System: Performance Update (Springer, Berlin, 2021).
	27.	 Billing, G. D. The Quantum Classical Theory The Quantum Classical Theory (Oxford University Press, Oxford, 2003). https://​doi.​

org/​10.​1093/​oso/​97801​95146​196.​001.​0001.
	28.	 DWave User Manual. (2022). https://​docs.​dwave​sys.​com/​docs/​latest/​c_​gs_1.​html.
	29.	 Srivastava, S. & Sundararaghavan, V. Box algorithm for the solution of differential equations on a quantum annealer. Phys. Rev. A 

99, 052355 (2019).
	30.	 Zanger, B., Mendl, C. B., Schulz, M. & Schreiber, M. Quantum algorithms for solving ordinary differential equations via classical 

integration methods. Quantum 5, 502 (2021).
	31.	 van de Panne, C. Methods for Linear and Quadratic Programming (Elsevier, Amstrerdam, 1975).
	32.	 DWave Ocean SDK. (2021). https://​docs.​ocean.​dwave​sys.​com/​en/​stable/.

Acknowledgements
Research at Marquette was supported by NSF CHE-2102465. IG acknowledges the support of MolSSI Investment 
Fellowship, funded by NSF ACI-1547580. Research at Los Alamos National Laboratory (LANL) is supported 
by Laboratory Directed Research and Development (LDRD) program, project number 20200056DR and per-
formed in part at the Center for Integrated Nanotechnologies (CINT), a U.S. Department of Energy, Office of 
Science user facility at LANL. All authors acknowledge the ASC program at LANL for use of their Ising D-Wave 
2000Q quantum computing resource. All authors also acknowledge the use of the D-Wave Leap 2000Q quantum 
computing resource.

Author contributions
Conceptualization: B.K.K., P.A.D. Methodology: I.G., D.B., A.T., S.M.M. Software: I.G. Investigation: I.G., B.K.K., 
S.M.M. Resources: B.K.K., P.A.D. Writing—original draft: I.G., D.B. Writing—review & editing: A.T., B.K.K., 
S.M.M., Y.Z., S.T., P.A.D. Visualization: I.G. Supervision: D.B., S.T., P.A.D. Funding acquisition: I.G., D.B., S.T., 
P.A.D.

Competing interests 
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://​doi.​org/​
10.​1038/​s41598-​022-​21163-x.

Correspondence and requests for materials should be addressed to D.B. or P.A.D.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

© The Author(s) 2022

http://arxiv.org/abs/1901.04715
http://arxiv.org/abs/1901.04715
https://doi.org/10.1093/oso/9780195146196.001.0001
https://doi.org/10.1093/oso/9780195146196.001.0001
https://docs.dwavesys.com/docs/latest/c_gs_1.html
https://docs.ocean.dwavesys.com/en/stable/
https://doi.org/10.1038/s41598-022-21163-x
https://doi.org/10.1038/s41598-022-21163-x
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Molecular dynamics on quantum annealers
	Theory
	Results
	Conclusions
	References
	Acknowledgements


